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A method is proposed for  solving some planar p rob lems  of nonlinear f i l t ra t ion with power -  
law r e s i s t ance  in the case  of s t r a igh t - l ine  boundaries  of the f i l t ra t ion region. 

P lanar  fluid f i l t ra t ion  with nonlinear r e s i s t ance  law has been the subject  of invest igat ions in a number  
of papers .  One method which is v e r y  effect ive is the t ime  curve method of Chaplygin which employs  l inea r -  
iza t ion of the equations [1]-[4]. However,  even when l inear iza t ion  had been used it was r a the r  difficult to 
obtain exact  solutions in the genera l  case .  

A method is presented  in the presen t  work  for  solving nonlinear f i l t ra t ion p rob lems  for power- law 
r e s i s t a n c e  based on the Chaplygin t r ans fo rmat ion .  The main points of the method as well  as i ts  potential 
a r e  demons t ra ted  on the example  of a c l a s s i ca l  f i l t ra t ion prob lem through a porous s emispace  with a groove.  

The s t a t ionary  fluid motion in a porous body for  power- law r e s i s t ance  is descr ibed  by the sy s t em 
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(1) 

By el iminat ing ~ f r o m  (1) and by the change of the va r i ab l e s  

= Q exp (eT), 

the Helmholtz  equation 

~ + ~ ~0. = 0 

(2) 

(3) 

is obtained for  the f i l t ra t ion  under  considerat ion.  
coordinates  is given by the equations 

d x = - -  1 exp ( - -wnH- l~ )cos~d f i - - exp  
X 

0//= - -  1._ exp ( I  V n  -~- 1 ~)sinl3dp § exp 
X 

The re la t ion  between the va r i ab l e s  ~- and /3 and the physical  

A fluid filtration is now considered through a planar porous semispace with a groove BA (Fig. la) of 

height d. Let the pressure be Pi = const on the horizontal half-line CB and p = 0 on the half-line BD. At the 

points C and Dat infinity one has ~- = -~ and one has ~- = ~ at the point A. The filtration region for the 

coordinate system xBy, adopted in the Fig. la in the variables ~- and p, is given by the infinite strip 0 

_< /9 _< 7r (Fig. ib). Since in the problem under consideration the symmetry of the flow lines with respect 

to the Bx axis is obvious therefore the velocity is the same at the points B+ and B_. Suppose that to this 
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Fig. 1. Fluid f i l t ra t ion  d i ag ram through planar  
porous semispace .  
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Fig. 2. Q(T, 0) {1) and y(T, ~r) (2) as  
functions of ~. 

ve loc i ty  v 0 there  cor responds  w = 0. The express ion  Q(% 0) = exp (-er)  on the s t ra ight  line CB tends to in-  
f inity for  �9 - -  - ~  but i t  is  Q(% 0) exp (b~-) --  0 for  b > a. It is  obvious that  Q(% fl) exp (b~) approaches  0 for  

~ - ~ ,  Q(% fi) --- 0 for  T ~ ~. 

One r ep re sen t s  Q (% fl) in the f o r m  of a genera l ized  Fou r i e r  in tegra l  

~+/~ 1 i (i~.OQ+(~,~)d~,, (5) 1 exp (i)~x)-Q (~, [~) dk -k ~ exp Q(~, ~) = - ~  

where  

0 

Q-- (~,, ~) := j' exp (-- i~)  Q (~, ~) d~, 

Q--~ (~, [~) = i exp (-- i~)  Q (~, [~) d~. 

By inse r t ing  (5) in (3) and int roducing the opera to r  notation L( ) = [d2( ) /d f l  z] - q'~( ) one f inds that  

1 S exp(i~)L(Q_)d~+ l~ ~exp(i~)L(Q-'+)d~,=O. 
2u 2u 

--~.-]- ib - - ~  

It is  not diff icul t  to see  that  L(Q_) is r egu la r  in some  upper haf t -plane ~ and L(Q+) in a lower half-plane.  
The re fo re  eve rywhere  one has 

d2~ 
d~ ~ q~Q = O, 

where  Q = Q+(~, fl) + Q_(x, fl). The solut ion of (6) is  given by 

Q(~, [~)=~(~, o ) shq (~ - [3 )~  - ~(~ ,~)shq[3 
shqu ' 

where  

Q (~, o) = Q+ (~, o) + - -  
~,-- i8 

; ~(z ,  ~) = ~§ (z, u).: 

To find the unknowns Q+()~, 0) and Q+(X, v) the boundary condition on the lef t -  and r ight -hand side of the 
groove is used,  namely  

(6) 

(7) 

OQ (~, ~) I 0[~ ~=o= O, -r ~ O; 

OQ(~, ~) I =0, "~0. 
(s) 
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d~- ~=~ - -  ~ = ~-] (~,), where  ,[.,t_(Z) and ~=_(X) a r e  r e g u l a r  in =gme rt follow~ f r o m  (8) that  -d-ffi = ~ - ( ~ ) '  ~ - 

u g~:~ ha f t -p l ane  of ~he camI~tex v~riab~e A. One finds with the  ~,i~1 o[ (7) and (8) tb~E 

[Q(3~, O)--Q+ (~, rt)] qclh qr~ _ 
2 ~"~- (~') - -  ~-'- (x), 

2 - -  - -  

(9} 

(9 ') 

It fol lows f r o m  the s y m m e t r y  of the f low- l ines  that  (9') can be r e p l a c e d  by 

~[he ~ys t em (~) and (10) ts invest igated using' the Wiene r  ~Hopf method [51~ 

q cth 4--~ = K (~,), 
2 

The notat ion 

(1o1 

is  in t roduced  and this e x p r e s s i o n  is f ac to r i ze0 :  

w h e r e  ~+(~) is r e g u l a r  and has  no ~eros  in the lower  ha l f -p lane  and 9_(~) ha~ the s a m e  p rope r t i e s  in the 
upper  ha l f -p lane .  By us ing  the i n I i m t e - p r o d u c t  expans ions  for  s m h q r r / 2  and c o s h q ; r / 2  arid in v iew of the 

ce  

f a c t o r s  and one finds 

__2 r-] 2k ~ + is~ 
c?_ (k) = ~ 2k - - 1  ~ 4- irn 

( I ] )  

]t will  be n e c e s s a r y  in our  subsequen t  cons ide ra t i hns  to have es t ima te~  of the behavior  of these  fune~ 
t~ons in the i r  r e s p e c t i v e  r e g u l a r i t y  haif-pZan~z, S~ar~ing ~ireet~y wi~h the ~efi~Iitior~ of K(~) it i8 e s t aMishr  
thzs on ~he real  axis  both these  functions a r e  of the o r d e r  ,fX. 

The funct ion 

e ~  

is now inves t iga ted  in the r e m a i n d e r  of the r e g u l a r i t y  
produc t  by a k and se t t ing  ;x = I ts  i 0 one finds that 

(2k- -  I )G l + 2 ~ sind _,L 
rk r~ 

The L~garkthmic de r iva t ive  of Ink[ with r e s p e c t  to 0 ts 

ha l f -p lane ,  Denoting the c o m m o n  t e r m  of the infinite 

2J,'s~ f (s~) 

[ ' ' ] R cos O 

The l a t t e r  is pos i t ive  in the upper  ha l f -p lane  fo r  a mot ion  in the d i r ec t ion  of the i m a g i n a r y  ay_is; hence  it 
follow~ that  [ ~o_(X)[ increases~  On the i m a g i n a r y  axis  0 = r r /2  and 

dlnJa~[ 1 1 
dR s~ + t~ r~ + R 
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There fo re  on the imag ina ry  axis [ ~_(;91 a lso  i nc rea se s  monotonical ly in the upper  half-plane.  
of magnitude of this i nc rease  is found by sett ing ~ = isj.  Then 

1"I 2k s~ + s~ _ l--I 2k s1 -}- su 2k sl + s~ 
~ -  ~ _  (is~) = ~=~" 2k - -  1 s~ -]- r~ ~=~ 2k - -  I s~ + r~ ~=i+~ 2 k - -  1 " -s~ + r~ 

The order  

In the absolutely  convergent  infinite product 

2 k - -  1 s~ + r~ 
~=]+I v= 1 

(v = k -  j) 

each of the fac to r s  is g r e a t e r  than unity; there fore ,  the product i t se l f  mus t  exceed unity for  any j. With j 
increas ing  a v d e c r e a s e s  monotonical ly  and the ent i re  product d e c r e a s e s  monotonicat ly having as its l imit  
for  j - -  ~ some  value M _> 1 (it follows f r o m  our subsequent  considera t ions  that  M > 1). Consequently, 
the o rder  of magnitude of the i nc rea se  of (p_(~) on the imag ina ry  axis  is de te rmined  by the product 

i 
[7  2~ . ~j+s~_.  
k=l 2k--1  s j + r  h 

The general  t e r m  of this product is 

Therefore, 

2k . s~-ksh < 2k 

ahJ---- 2k- -1  s ~ + r  h 2k--1  " 

(~/2)~0_(isj) does not i nc rea se  more  rapidly  on the imag ina ry  axis  [6] than 

i 
F I j = = M ~  2 k  _M2~i (it) ~ ~ M , s i 

k=l 2 k -  1 (2])! 

Since r is monotonic it follows that this is a l so  valid for  any R. Employing now the previous e s t ima te s  
it is es tabl ished that one has 

1~- (~)t = A (X) I V~-I, 

on the ent i re  upper  hal f -p lane  where  A (A) > n > 0 is bounded (~ = const). The es t ima te  thus obtained is 
a lso  valid for  ~P+()9 in the lower  half-plane.  

By substituting the fac tor ized  K(A) in (9) one finds that 

i 
-- (12) Q+ (~, 0) + ~+ (~, ~) - ~ -  i~ ' 

ir ()~) II'---~- ()~) -- T--I- ()~) (13) 
[~+(~, 0)-~+(~, ~)] ~+(~)+ ~ - i ~  - ~_(~) 

When the obvious behavior of p(T, fl) for T -- :~o has been taken into account one can establish without any 
difficulty that the left- and right-hand sides of (13) are regular in the entire ~-plane with the exception of the 
pole at the point ~ = ie. At this point the Laurent expansion of these functions is valid for the entire plane. 
Then in view of the obtained estimates for the function from (11) the regular part of the expansion can 
be expressed by a polynomial which is identically equal to zero since for X --- co the right-hand side of (13) 
approaches 0 in the upper half-plane. 

At the point % = ie the pole can only be simple since otherwise the originals for the Fourier trans- 

formation would contain components with a multiplier Tm (m a positive integer) ; this is not possible from 
the physical considerations since the pressure is finite in the entire filtration region. 

Hence by using (12) and (13) one finds that 

i ia 
Q+(~, 0 ) -  ~ - - i e  + (~--i8)~+(~) ' 
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ia 
-~,(< ~ ) : - -  - - ,  (t4) 

wher~  u is  a r e a l  p a r a m e t e r .  

One can  d e t e r m i n e  Q+(r ,  rr) by using the r eg idue  t h e o r e m  fo r  the poles  of Q+(~, ~r) in the uppe r  ha l f -  
plane of the v a r i a b l e  ~: 

1 exp ( - -  sj~) 
Q+ (% a~) -- ~ n  exp ( i~)  Q+ ()~, ~) ds = a • exp (-- ~) --  4 n  ~ s'~-~--~)~((%) �9 (15) 

- - ~  / = 1  

The  can4i t ion  Q+(o, ~r) ts  s a t i s f i ed  f o r  the jus t  fotmd (15} f o r  a W a;  in this c a s e  the F o u r i e r  in tegra l  
(15) can be eva lua ted  by  c o n s i d e r i n g  only the t o w e r - h a l f  plane of ~ in which the sub in t cg ra t  funct ion ha~ no 
s i n g u l a r i t i e s .  

One a i s o  f inds  f r o m  (14~ t~e.~, 

Q+ (~, O) = exp(--  ~ 0 ~  ~ ~e~P( - - e~ ) - -  -~ -  s ~ ( ~ 2 ~ s ~ )  " " (1~) 
]=l 

The p a r a m e t e r  a can  be d e t e r m i n e d  f r o m  the obvious  condit ion 

l~n~ tQ , (~, 0)exp(~)] = lira [0. (~. '*)exp(~)] : I (16') 

By us ing  (15] or  (16') one f inds that a : 1 / 2 ~ .  

Fina l ly ,  one obta ins  
vo 

Q+ (,, a) : T a=z ~ s~ % -  ~),V (s) ' 

e~ 

Q, (,. o ) :  + exp ( - - e , ) +  2 E exp ( - - s p g ~ .  

The  f i r s t  e x p r e s s i o n  (4) is Used to f[ad ~he s p a r a m e t e r  X; [a t~gra t ing  i t  fo r  ~ = 0 with r e -  
spec t  to r be tween  the l imi t s  0 and ~ and ~ i n g  (16) one f inds:  

m 

r~• = s j--I- 2 ] / t ~ - k l  = 2 ,  n - t  1 (%~--e) O(s~) 

F o r  the c a s e  oi n : 1 (quadra t ic  f i l t ra t ion)  it wa~ found f r o m  (17) that  )~ ~ 0.1 7, 

F r o m  (12), (13), and (14) one obtains  that  

By app ly ing  the r e s i d u e  t h e o r e m  to the e x p r e s s i o n  (18) one obtains  

~Q(*, ~] [ _ t e x p ( - - ~ } - -  4 ~ i'O0(r,} exg(r,r~ (IS) 

(T < o). 

Using the second expression in (4) as well as (I)~ (19), and (2) one obtains 

~Z 
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4 1 ~ n t- 1 jzcD (r j) exp rj rr• {r~ n +  2 2 Vn-~-I  ~r - -  1 . (20) 

j=, 2 V,~7/- f 

The formula (20) descr ibes  the distribution of the velocities of setting down along the right-hand boundary 
of a porous half-space where T < 0. 

The graphs of Q = Q+(% 0) and y = y(z, v) for  the case of quadratic f i l trat ion are  shown in Fig. 2. 

r,p 
-- 4-if+ 1 lnv/v0;  
-- ~/v0d 

p = p/p~ 

d, Pl 
• = v n + l d / P i l l  

n + l  
= x / d ,  y = y / d ;  

q = 4 ~ 2  +r 
s k = ~/(2k_~7___~2 + e2; 
rk  44k  2 + r 
r = n/g- if+ 1; 

2k--I z + ,r_h ; 

~o 

1 2 k - -  1 

k : l  

r k ~ _ _  _ r ( - ~ ) .  
S h - -  8 

N O T A T I O N  

are  the Chaplygin variables;  

is the dimensionless flow function; 
is the dimensionless pressure ;  
a re  the charac te r i s t i c  dimension and pressure ;  
is the dimensionless f i l t rat ion parameter ;  
is the constant character iz ing porous medium and fluid; 
is the degree of f i l trat ion (at n = 0 fi l trat ion is linear); 

is the Four ie r  pa ramete r ;  

1 ~  

2. 
3. 
4. 
5. 

6 .  
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